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Abstract
Let Λ be an Artin algebra and let 0 →A→B → C→ 0 be an almost split sequence. In this paper
we discuss under which conditions the inequality pdB max{pdA,pdC} is strict.
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Let R be a ring. If we have an exact sequence ε : 0 →A→ B→ C→ 0 of R-modules,
then pdB  max{pdA,pdC}. In some cases, for instance if the sequence is split exact,
equality holds, but in general the inequality may be strict.
In this paper we will discuss a problem first considered by Auslander (see [5]): Let
Λ be an Artin algebra (for example a finite dimensional algebra over a field) and let
ε : 0 → A→ B → C → 0 be an almost split sequence. To which extent does the equality
pdB = max{pdA,pdC} hold?
Given an exact sequence 0 → A→ B → C → 0, we investigate in Section 1 what can
be said in complete generality about when pdB < max{pdA,pdC}. In this section we do
not make any assumptions on the rings or the exact sequences involved.
In all sections except Section 1 the rings we consider are Artin algebras. Section 2
gives the necessary background on the theory of almost split sequences. Almost split
sequences (also called Auslander–Reiten sequences) were introduced in [1] and have
proven to be a valuable tool in the study of finite dimensional algebras. Section 3 contains
some preliminary results that we need for our main results. In Section 4 we get to the
main results of this paper. We give a characterization of when the inequality is strict. The
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description is simplified if max{pdA,pdC}<∞. In Section 5 we give some examples to
show that the five conditions are logically independent.
In Section 6 we give some results on the number of almost split sequences with
inequality, and see that this has a connection with the finitistic dimension conjecture.
We show that the finitistic dimension conjecture implies that there are only finitely many
almost split sequences with inequality for a given algebra. We do not have any converse of
this result though, so it is quite possible that the number of inequalities is always finite for
some other reason.
In Section 7 we examine what can be said about projective dimensions of related
modules, if we have pdB < max{pdA,pdC}.
In a subsequent paper we restrict to the class of Nakayama algebras, and see what can
be said about inequalities for these algebras. In that paper we also discuss a related problem
concerning projective dimensions of composition factors of a given module.
1. Inequalities for general short-exact sequences
In this section we look at what can be said in general about projective dimensions in
exact sequences over arbitrary rings.
Let R be a ring. If ε : 0 →A→ B→ C→ 0 is an exact sequence of R-modules, then
pdB max{pdA,pdC}.
If ε splits, then obviously pdB = max{pdA,pdC}. The following example shows that the
inequality can be strict: Let M be a nonprojective module and consider an exact sequence
0 →ΩM→ P(M)→M → 0
with P(M) projective. Here pdP(M) = 0 and max{pdΩM,pdM} = pdM  1, so
pdP(M) < max{pdΩM,pdM}.
We call a sequence ε : 0 → A → B → C → 0 a sequence with inequality if pdB <
max{pdA,pdC}. We say that the inequality is finite if max{pdA,pdC}<∞. We call the
inequality infinite if max{pdA,pdC} =∞.
The following lemma shows the relation between pdA and pdC if
pdB < max{pdA,pdC}.
Lemma 1.1. Let ε : 0 → A→ B → C → 0 be an exact sequence. Then ε is a sequence
with inequality if and only if pdB < pdC. Moreover,
(a) ε is a sequence with finite inequality if and only if
pdB < pdC = pdA+ 1 <∞.
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pdB < pdC = pdA=∞.
Proof. We use the fact that for an R-module M , pdM  i if and only if the functor
ExtiR(M,−) = 0. Suppose ε is a sequence with inequality. Let pdB = m <∞. We get
a long-exact sequence
ExtmR(B,−)→ ExtmR(A,−)→ Extm+1R (C,−)→ 0 → Extm+1R (A,−)
→ Extm+2R (C,−)→ 0
We have an epimorphism of functors ExtmR(A,−) → Extm+1R (C,−) → 0 and natural
equivalences
ExtpR(A,−)	 Extp+1R (C,−) for all p >m.
We see that pdA =∞ if and only if pdC =∞. Suppose pdA and pdC are finite. We
must have pdA> m or pdC > m. If pdC > m, then pdA= pdC − 1. If pdA> m, then
pdC = pdA+ 1. So if both dimensions are finite, then pdA+ 1 = pdC. Therefore if we
have a finite inequality, then pdB < pdC = pdA+ 1 <∞. The converse is obvious. If we
have an infinite inequality, then pdB < pdC = pdA=∞. The converse is obvious.
From these two cases we see that ε is a sequence with inequality if and only if
pdB < pdC. ✷
We now prove a simple but useful lemma about inequalities for general short-exact
sequences.
Lemma 1.2. Let 0 →A→B → C→ 0 be an exact sequence. Suppose pdA= n <∞.
(a) pd(B) pd(A) if and only if
Ext1Λ
(
ΩnB,Ωn+1C
)= 0.
(b) pd(B) < max{pd(A),pd(C)} if and only if
pd(A)+ 1 = pd(C) and Ext1Λ
(
ΩnB,Ωn+1C
)= 0.
Proof. (a) We have exact sequences
0 →Ωn+1C→ P (ΩnC)→ΩnC→ 0 and 0 →ΩnA→ΩnB 
 P →ΩnC→ 0,
where P is some projective module. Taking pullback we get the following commutative
diagram:
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ΩnA ΩnA
0 Ωn+1C E ΩnB 
 P 0
0 Ωn+1C P(ΩnC) ΩnC 0
0 0
The left vertical sequence splits, and therefore E is projective. We see that if
Ext1Λ
(
ΩnB,Ωn+1C
)= 0,
then the upper horizontal sequence will split, and ΩnB must be projective. Therefore
pd(B) n in this case. If pd(B) n, then Ext1Λ(ΩnB,Ωn+1C)= 0.
(b) We know that pd(B) < max{pd(A),pd(C)} if and only if pd(B)  pd(A) and
pd(A) + 1 = pd(C). Combining this with (a) we see that pd(B) < max{pd(A),pd(C)}
if and only if pd(A)+ 1 = pd(C) and Ext1Λ(ΩnB,Ωn+1C)= 0. ✷
If 0 →A→ B→ C→ 0 is an exact sequence with finite inequality and pdA= n <∞,
then 0 → ΩnA → ΩnB 
 P → ΩnC → 0 is a projective resolution of ΩnC. It is
not necessarily minimal, but we must have ΩnA 	 Ωn+1C 
 P ′ for some projective
module P ′.
If we have one exact sequence with inequality, we can use pushout and pullback
diagrams to find more such sequences as in the following example.
Example 1.3. In the diagram below if the bottom row has inequality, then the top row or
the right column must have inequality:
0 0
0 X Y C 0
0 A B C 0
Z Z
0 0
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column have equality. Then pdC  pdY  pdB < pdC, a contradiction. So the top row
or the right column must have inequality. ✷
2. Background on almost split sequences
Let Λ be an Artin algebra, that is a finitely generated algebra over some commutative
Artin ring R. This will be the setup for the rest of the paper. (In the first version of the
paper the setup was finite dimensional algebras over a field k, but as the referee pointed
out my results hold for the more general case of Artin algebras.) We denote the category
of finitely generated Λ-modules by modΛ. In this section we recall the definition of an
almost split sequence and give some well known results about such sequences.
An exact sequence
ε : 0 →A f→B g→ C→ 0
of finitely generated Λ-modules is called an almost split sequence if the following
conditions hold:
(1) ε is not split.
(2) All morphisms X→ C in modΛ that are not split epi factor through g.
(3) All morphisms A→ Y in modΛ that are not split mono factor through f .
We can illustrate the definition with the following diagram:
X
not
split
epi
0 A
f
not
split
mono
B
g
C 0.
Y
In an almost split sequence the end terms are always indecomposable. An almost split
sequence is determined up to isomorphism by the isomorphism class of the first term.
Similarly it is also determined up to isomorphism by the isomorphism class of the last
term. If A is an indecomposable noninjective module in modΛ, then there is a unique
(up to isomorphism) almost split sequence starting with A. If C is an indecomposable
nonprojective module in modΛ, there is a unique almost split sequence that ends in C.
Let M be a Λ-module with projective presentation P1 → P0 →X→ 0. The transpose
TrM of M is defined by the exactness of the following sequence of Λop-modules:
P ∗0 → P ∗1 → TrM → 0
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If ε : 0 → A → B → C → 0 is an almost split sequence, then A and C are related
in the following way: A 	 DTrC and C 	 DTrA. Here D denotes the duality D =
HomR(−,E), where E is a minimal injective cogenerator in modR. In the case Λ is
an algebra over a field k, then D is the usual vector space duality D = Homk(−, k). For
more details see [2]. This is also a reference for the theory of Auslander–Reiten quivers,
a graphical way of representing the category modΛ using the almost split sequences.
Let ε : 0 → A→ B → C → 0 be an exact sequence. The (covariant) defect functor ε∗
is defined by the exactness of the following sequence of functors:
0 → HomΛ(C,−)→ HomΛ(B,−)→ HomΛ(A,−)→ ε∗ → 0.
If M is a Λ-module, we denote by ΩnM the nth syzygy of M . The nth cosyzygy of M
we denote by Ω−nM .
The following result is useful.
Lemma 2.1. Let ε : 0 →A→B g→C→ 0 be an exact sequence and let X be a Λ-module.
Then the kernel of the map Extn+1Λ (g,X) : Extn+1Λ (C,X)→ Extn+1Λ (B,X) is isomorphic to
ε∗(Ω−nX).
Proof. By dimension shift we have isomorphisms Extn+1Λ (C,X) 	 Ext1Λ(C,Ω−nX) and
Extn+1Λ (B,X)	 Ext1Λ(B,Ω−nX). We have an exact sequence
HomΛ
(
B,Ω−nX
) → HomΛ(A,Ω−nX)→ Ext1Λ(C,Ω−nX)
Extn+1Λ (g,X)−−−−−−→ Ext1Λ
(
B,Ω−nX
)
.
From the definition of ε∗ we see that ε∗(Ω−nX)	 kerExtn+1Λ (g,X). ✷
If M and X are two finitely generated Λ-modules, then the multiplicity of M in X,
denoted c(M,X), is the largest number t  0 such that Mt is a direct summand in X. If
M is a summand of X (that is c(M,X) > 0), we denote this fact by M|X. We let lR(M)
denote the composition length of M as an R-module. If we are working over a field k, then
lk(M)= dimk M , the dimension as a k-vector space.
Lemma 2.2. Let δ : 0 → A→ B → C → 0 be an almost split sequence. Let X ∈ modΛ.
Then lR(δ∗(X))= c(A,X) · lR(End(A)/ rad End(A)). In particular δ∗(X) = 0 if and only
if A|X.
Proof. We have that δ∗(X) = 0 is equivalent to the existence of a map h :A→X that does
not factor through f :A→ B . But since δ is almost split this is equivalent to h being split
mono, which is possible if and only if A is a summand of X.
For the result on composition length, we first consider δ∗(A) and see that this consists
of all endomorphisms of A modulo those that factor through f :A→B . Since δ is almost
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are not isomorphisms. Therefore the R-submodule in End(A) of morphisms that factor
through f is rad End(A). So lR(δ∗(A))= lR(End(A)/ radEnd(A)). If X is in modΛ and
c(A,X) = t , then X = At 
 X′ where X′ is a module such that c(A,X′) = 0. We get
lR(δ∗(X))= lR(δ∗(At ))+ lR(δ∗(X′)). Since lR(δ∗(At ))= t · lR(End(A)/ rad End(A)) and
lR(δ∗(X′))= 0, we get lR(δ∗(X))= c(A,X) · lR(End(A)/ radEnd(A)). ✷
Note that if Λ is a finite dimensional algebra over an algebraically closed field k, then
lk(End(A)/ radEnd(A))= dimk(End(A)/ radEnd(A))= 1.
If M and X are modules in modΛ, then we denote by I(M,X) the R-submodule of
HomΛ(M,X) consisting of morphisms factoring through an injective module. We denote
byP(M,X) the R-submodule of HomΛ(M,X) consisting of morphisms factoring through
a projective module. We define
HomΛ(M,X)= HomΛ(M,X)/I(M,X)
and
HomΛ(M,X)= HomΛ(M,X)/P(M,X).
In the classical paper [1], the following formulas appear. A short proof of the formulas
can be found in [4].
Proposition 2.3 (Auslander–Reiten formulas). Let M be a Λ-module and let X be a
module in modΛ. Then there are isomorphisms
DExt1Λ(X,M)	 HomΛ(M,DTrX)
and
DHomΛ(X,M)	 Ext1Λ(M,DTrX)
both of which are functorial in M and X.
3. Inequalities for almost split sequences
If ε : 0 → A→ B → C → 0 is a split sequence, then pdB = max{pdA,pdC}. What
can we say about inequalities for almost split sequences? We shall see that “almost all”
(meaning all except countably many) almost split sequences have pdB = max{pdA,pdC}.
First we look at some simple examples. In the examples k denotes a field.
Example 3.1. The only almost split sequence in modΛ for the algebra Λ= k[x]/(x2) is
the sequence
0 → k[x]/(x)→ k[x]/(x2)→ k[x]/(x)→ 0.
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is projective.
Example 3.2. For the algebras k[x]/(xn) with n 3, all almost split sequences except
0 → k[x]/(x)→ k[x]/(x2)→ k[x]/(x)→ 0
are of the form
0 → k[x]/(xp)→ k[x]/(xp+1)
 k[x]/(xp−1)→ k[x]/(xp)→ 0
with 1 <p  n. For these algebras all almost split sequences have equality.
Next we give a simple well known lemma, useful for proving results about projective
dimensions. Here r denotes the Jacobson radical.
Lemma 3.3. Let Λ be an Artin algebra and let M be a Λ-module. Then pdM  n if and
only if ExtnΛ(M,Λ/ r) = 0.
Auslander proved (see [5]) that if δ : 0 →A→B →C→ 0 is an almost split sequence
and Ext1Λ(B,A) = 0, then pdB = max{pdA,pdC}. This is a corollary of a more general
result, which we give here with a short proof.
Proposition 3.4. Let δ : 0 → A → B → C → 0 be an almost split sequence. Then the
following are equivalent.
(a) pdB < max{pdA,pdC}.
(b) There exists a number m such that A|(Ω−m(Λ/ r)) and Extm+1Λ (B,Λ/ r)= 0.
Proof. (a) implies (b). Suppose δ is a sequence with inequality and let pdB m< pdC.
Then obviously Extm+1Λ (B,Λ/ r)= 0. This gives the following long-exact sequence:
. . . ExtmΛ(B,Λ/ r) Ext
m
Λ(A,Λ/ r) Extm+1Λ (C,Λ/ r)
∼
0
δ∗(Ω−m(Λ/ r))
We have assumed Extm+1Λ (C,Λ/ r) = 0 and therefore δ∗(Ω−m(Λ/ r)) = 0. Since δ is
almost split, this is equivalent to A|(Ω−m(Λ/ r)).
(b) implies (a). If there exists m such that Extm+1Λ (B,Λ/ r) = 0, then pdB  m. If
A|Ω−m(Λ/ r) for the same m, then δ∗(Ω−m(Λ/ r)) = 0 and therefore
Extm+1Λ (C,Λ/ r) = 0.
So pdB m< pdC, and δ is a sequence with inequality. ✷
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for all numbers m such that pdB m < pdC. A consequence is that the first term in an
almost split sequence with inequality must be either simple projective or a factor of an
injective module. This was also observed in [5].
Here is the promised corollary.
Corollary 3.6. If pdB < max{pdA,pdC}, then Ext1Λ(B,A)= 0.
Proof. By Proposition 3.4, if pdB < max{pdA,pdC}, then there exists a number m
such that A|(Ω−m(Λ/ r)) and Extm+1Λ (B,Λ/ r) 	 Ext1Λ(B,Ω−m(Λ/ r)) = 0. Obviously
Ext1Λ(B,A)= 0. ✷
Let δ be an almost split sequence. For each m> 0 we have an exact sequence
0 → δ∗
(
Ω−m(Λ/ r)
) ξm−→ Extm+1Λ (C,Λ/ r)→ Extm+1Λ (B,Λ/ r)
→ Extm+1Λ (A,Λ/ r)
ζm−→ δ∗
(
Ω−(m+1)(Λ/ r)
)→ 0.
Our characterization of almost split sequences with inequality is based on the following
lemma:
Lemma 3.7. Let δ : 0 →A→ B→ C→ 0 be an almost split sequence.
(a) If pdB < max{pdA,pdC}, then ξm and ζm are isomorphisms for all m with pdB 
m< pdC.
(b) The following are equivalent.
(i) pdB < max{pdA,pdC}.
(ii) There exists a number m< pdC such that the maps ξm and ζm are isomorphisms.
Proof. (a) Suppose pdB < max{pdA,pdC} and let m be such that pdB  m < pdC.
Then Extm+1Λ (B,Λ/ r)= 0 and therefore we have that ξm and ζm are isomorphisms.
(b)(i) implies (ii). This follows from part (a).
(ii) implies (i). If ξm and ζm are isomorphisms, then Extm+1Λ (B,Λ/ r)= 0 and therefore
pdB m. If we suppose m< pdC, then δ is a sequence with inequality. ✷
We see that it is interesting to know when ξm and ζm are isomorphisms. The next result
gives a description for ξm.
Proposition 3.8. Let δ : 0 → A → B → C → 0 be an almost split sequence. The map
ξm : δ∗(Ω−m(Λ/ r))→ Extm+1Λ (C,Λ/ r) is an isomorphism of nonzero R-modules if and
only if there exists a module X such that all of the following conditions hold.
(1) At 
X 	Ω−m(Λ/ r) for some t > 0.
(2) End(A) is a division ring.
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Proof. Suppose that there is a module X such that the three conditions are true. Using
condition (1) and that δ is almost split we get as in Lemma 2.2 that
δ∗
(
Ω−m(Λ/ r)
)	 δ∗(At 
X)	 δ∗(At)	 [End(A)/ radEnd(A)]t .
Now by condition (2)
[
End(A)/ rad End(A)
]t 	 [End(A)/ rad End(A)]t 	 [End(A)]t = 0
since A is not injective. We also have
Extm+1Λ (C,Λ/ r)	 Ext1Λ
(
C,Ω−m(Λ/ r)
)	 Ext1Λ(C,At 
X).
By the Auslander–Reiten formula we have
Ext1Λ
(
C,At 
X)	DHom(At 
X,A)
By condition (3) we have
DHom
(
At 
X,A)	DHom(At,A)	D([End(A)]t).
This means that lR(δ∗(Ω−m(Λ/ r)) = lR(Extm+1Λ (C,Λ/ r)) = 0, and since ξm is an
inclusion, it must be an isomorphism.
For the converse suppose ξm : δ∗(Ω−m(Λ/ r))→ Extm+1Λ (C,Λ/ r) is an isomorphism
of nonzero R-modules. Since δ∗(Ω−m(Λ/ r)) = 0 and δ is an almost split sequence, we
have A|Ω−m(Λ/ r). Let X be the module such that X has no summands isomorphic
to A and At 
 X 	 Ω−m(Λ/ r) for some t > 0. We see that condition (1) is true.
We have as above δ∗(Ω−m(Λ/ r)) 	 [End(A)/ rad End(A)]t and Extm+1Λ (C,Λ/ r) 	
D(End(A,A)t )
D(Hom(X,A)). Therefore
[
End(A)/ rad End(A)
]t 	D(End(A,A)t)
D(Hom(X,A)),
and this is only possible if rad End(A)= 0 and Hom(X,A)= 0. So conditions (2) and (3)
are true. ✷
4. A characterization
It would be interesting to have a characterization of when we have inequalities involving
only conditions on one of the modulesA, B or C in an almost split sequence. In this section
we give characterizations involving only the first term A.
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max{pdA,pdC} if and only if there exists a number m 0 and a module X such that all
of the following conditions hold.
(1) At 
X 	Ω−m(Λ/ r) for some t > 0.
(2) End(A) is a division ring.
(3) Hom(X,A)= 0.
(4) lR(Ext1Λ(A,A))= c(A,Ω−1A) · lR(End(A)).
(5) lR(Ext1Λ(A,X))= c(A,Ω−1X) · lR(End(A)).
Moreover, if pdB < max{pdA,pdC}, then the five stated conditions are satisfied for all
m with pdB m< pdC.
Proof. Suppose that there is a number m and a module X such that the five conditions are
true. Consider the exact sequence
0 → δ∗
(
Ω−m(Λ/ r)
) ξm−→ Extm+1Λ (C,Λ/ r)→ Extm+1Λ (B,Λ/ r)
→ Extm+1Λ (A,Λ/ r)
ζm−→ δ∗
(
Ω−(m+1)(Λ/ r)
)→ 0.
By Proposition 3.8 the map ξm : δ∗(Ω−m(Λ/ r))→ Extm+1Λ (C,Λ/ r) is an isomorphism
of nonzero R-modules. We see that m< pdC.
We have
lR
(
Extm+1Λ (A,Λ/ r)
)= lR(Ext1Λ(A,X))+ t · lR(Ext1Λ(A,A))
and
lR
(
δ∗
(
Ω−(m+1)(Λ/ r)
))= t · lR(δ∗(Ω−1A))+ lR(δ∗(Ω−1X)).
Combining conditions (4) and (5) and Lemma 2.2, we get that lR(Extm+1Λ (A,Λ/ r) =
lR(δ∗(Ω−(m+1)(Λ/ r))), so ζm : Extm+1Λ (A,Λ/ r) → δ∗(Ω−(m+1)(Λ/ r)) is an isomor-
phism. Since ξm and ζm are isomorphisms and m< pdC, we get by part (b) of Lemma 3.7
that δ is a sequence with inequality.
For the converse suppose δ is a sequence with inequality. Let m be a number such that
pdB m< pdA. From part (a) of Lemma 3.7 we get that ξm and ζm are isomorphisms.
Since m< pdC, we have Extm+1Λ (C,Λ/ r) = 0. We can now use Proposition 3.8 and get
that conditions (1), (2) and (3) are true.
As a consequence of Lemma 2.1 we have exact sequences
Ext1Λ(B,A)→ Ext1Λ(A,A)
ζA−→ δ∗
(
Ω−1A
)→ 0
and
Ext1Λ(B,X)→ Ext1Λ(A,X)
ζX−→ δ∗
(
Ω−1X
)→ 0.
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 Ext1Λ(B,X), we must have Ext1Λ(B,A)= 0
and Ext1Λ(B,X) = 0. This means that ζA and ζX are isomorphisms. Since End(A) is a
division ring, End(A)/ radEnd(A) 	 End(A)/ rad End(A) = End(A). Using Lemma 2.2
we see that conditions (4) and (5) are true.
The proof in this direction shows that if δ is a sequence with inequality, then the five
conditions are satisfied for all m with pdB m< pdC. ✷
We show in the next section that the five conditions are independent.
If Λ is an algebra over an algebraically closed field k the result can be simplified.
Corollary 4.2. Let Λ be a finite dimensional k-algebra over an algebraically closed
field k. Let δ : 0 → A → B → C → 0 be an almost split sequence in modΛ. Then
pdB < max{pdA,pdC} if and only if there exist a number m 0 and a module X such
that all of the following conditions hold.
(1) At 
X 	Ω−m(Λ/ r) for some t > 0.
(2) End(A)= k.
(3) Hom(X,A)= 0.
(4) dimk Ext1Λ(A,A)= c(A,Ω−1A).
(5) dimk Ext1Λ(A,X)= c(A,Ω−1X).
Proof. Since k is algebraically closed the only possible division ring End(A) can be is k,
so if End(A) is a division ring then dimk End(A)= 1. This justifies the changes compared
to the theorem. ✷
We now turn our attention to a characterization of the almost split sequences with finite
inequalities. In this case the conditions (4) and (5) are much simpler.
Theorem 4.3. Let δ : 0 → A f→ B → C → 0 be an almost split sequence. Then δ is a
sequence with finite inequality if and only if there exist a number n  0 and a module X
such that all of the following conditions hold
(1) At 
X 	Ω−n(Λ/ r) for some t > 0.
(2) End(A) is a division ring.
(3) Hom(X,A)= 0.
(4) Ext1Λ(A,A)= 0.
(5) Ext1Λ(A,X)= 0.
Proof. Suppose that there is a number n and a module X such that the five conditions are
true. Consider the exact sequence
0 → δ∗
(
Ω−n(Λ/ r)
) ξn−→ Extn+1(C,Λ/ r)→ Extn+1(B,Λ/ r) ρn−→ Extn+1(A,Λ/ r)Λ Λ Λ
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ξn : δ∗
(
Ω−n(Λ/ r)
)→ Extn+1Λ (C,Λ/ r)
is an isomorphism of nonzero R-modules. We see that n < pdC. We have
Extn+1Λ (A,Λ/ r)	 Ext1Λ
(
A,Ω−n(Λ/ r)
)	 Ext1Λ(A,A)t 
 Ext1Λ(A,X)= 0.
This means that pdA  n. Another consequence is that Extn+1Λ (B,Λ/ r) = 0 so we must
also have pdB  n. Since pdB  n < pdC this is a sequence with inequality. Since pdA
is finite, we can see from Lemma 1.1 that the inequality is finite and pdA= n.
Conversely suppose δ is a sequence with finite inequality and let pdA = n. By
Lemma 1.1 we know that pdC = n+ 1. We also know that pdB  pdA= n, so
Extn+1Λ (B,Λ/ r)= 0.
This means that we have an isomorphism ξn : δ∗(Ω−n(Λ/ r))→ Extn+1Λ (C,Λ/ r) = 0. By
Proposition 3.8 we get that there is some X such that conditions (1), (2) and (3) hold.
Finally, since pdA = n, we have 0 = Extn+1Λ (A,Λ/ r) 	 Ext1Λ(A,At) 
 Ext1Λ(A,X) so
we must have conditions (4) and (5). ✷
Remark 4.4. There is a hidden assumption in the theorem that A is not injective. If A
is injective, it can satisfy the five conditions, but it is not the first term in an almost split
sequence.
Remark 4.5. If pdA = pdC = ∞, we can have Ext1Λ(A,A) = 0 and inequality, as in
Example 3.1.
The almost split sequences with inequality, where the first term is projective, are
characterized by the following proposition.
Proposition 4.6. Let η : 0 →A→B →C→ 0 be an almost split sequence and suppose A
is projective. Then η is an almost split sequence with inequality if and only if A is simple.
Proof. Suppose η : 0 → A→ B → C → 0 is an almost split sequence with inequality.
Then we must have pdA = pdB = 0 and pdC = 1. Condition (1) implies that A|(Λ/ r),
so A is a simple module.
Suppose A is a simple projective module. Since A is simple, we have that condition
(1) is satisfied with n = 0. Since A is projective, conditions (2)–(5) are trivially satisfied.
Therefore η is an almost split sequence with inequality. We could also have shown this by
using the following well known result: If A is a simple projective module, then the middle
term in the almost split sequence η must be projective, see [2]. ✷
As a corollary we get the following characterization of almost split sequences with
inequality for hereditary algebras.
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split sequence. Then η is an almost split sequence with inequality if and only if A is a
simple projective module.
Proof. If η is an almost split sequence with inequality, then we must have pdA = 0 and
pdC = 1. The rest follows from the proposition. ✷
5. Examples
In this section we give examples to show that none of the conditions (1)–(5) in
Theorem 4.3 can be dropped.
Example 5.1. Let Λ be the path algebra given by the quiver
1
α
2
β
3
Let A= P2. Then A is not a cosyzygy of a simple module, so condition (1) in Theorem 4.3
is not satisfied. Since A is an indecomposable projective module, the conditions (2), (3),
(4) and (5) are trivially satisfied. The almost split sequence starting with A is
0 →A→ P1 
 S3 → I2 → 0.
In the following four examples n = 1 and X is the module such that condition (1) is
satisfied.
Example 5.2. Let Λ be the string algebra given by the quiver
1
β
2
α
γ
3
with relations γαβ = 0, α2 = 0 and γβ = 0. Let A be the module corresponding to
the string α. We have Ω−1(Λ/ r) 	 S1 
 B 
 A, where B is the module corresponding
to the string β . We have X = S1 
 B . We have Hom(X,A) = 0, Ext1Λ(A,A) = 0 and
Ext1Λ(A,X)= 0, but Hom(A,A) is not a division ring. So A with n= 1 satisfies conditions
(1), (3), (4) and (5) in Theorem 4.3, but not (2). The almost split sequence starting with
A is
0 →A→ P1 
M → I2 → 0,
where M is the module corresponding to the string β−1α.
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1
α
2
β
3
γ
δ
4
5
with relations γβα = 0 and δβ = 0. Let A be the module corresponding to the string β . We
have Ω−1(Λ/ r)	 S1 
 S2 
A
 S3, so X = S1 
 S2 
 S3. We have that Hom(A,A) is
a division ring, Ext1Λ(A,A)= 0 and Ext1Λ(A,X)= 0, but Hom(X,A)= Hom(S3,A) = 0.
So A with n= 1 satisfies conditions (1), (2), (4) and (5) in Theorem 4.3, but not (3). The
almost split sequence starting with A is
0 →A→ P1 
 S2 → I2 → 0.
Example 5.4. Let Λ be the string algebra given by the quiver
1
α
β
2
γ
3
with the relation γα = 0. Let A be the module corresponding to the string β . We have
Ω−1(Λ/ r) 	 S1 
 S1 
 A, so X = S1 
 S1. We have that Hom(A,A) is a division ring,
Hom(X,A) = 0 and Ext1Λ(A,X) = 0, but Ext1Λ(A,A) = 0. So A with n = 1 satisfies
conditions (1), (2), (3) and (5) in Theorem 4.3, but not (4). The almost split sequence
starting with A is
0 →A→M →A→ 0,
where M is the module corresponding to the string βα−1β .
Example 5.5. Let Λ be the string algebra given by the quiver
1
α
2
β
γ
3
4
δ
5
with relations βα = 0 and δγ = 0. Let A= S2. We have Ω−1(Λ/ r)	 S1 
A
B 
 S4,
where B is the module corresponding to the string α. We have X = S1 
 B 
 S4. Here
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Ext1Λ(A,S4) = 0. So A with n= 1 satisfies conditions (1), (2), (3) and (4) in Theorem 4.3,
but not (5). The almost split sequence starting with A is
0 →A→ I2 → S1 → 0.
6. The number of inequalities
Let Λ be an Artin algebra. We denote by modΛ the category of finitely generated
Λ-modules. In this section we give some results on how many almost split sequences with
inequality there are in modΛ. The general conclusion is that the normal situation is to have
equality, so the inequalities really are the exceptions. We gather some evidence for there
being only finitely many inequalities. In any case there can only be countably many almost
split sequences with inequality. This is shown by the following proposition.
Proposition 6.1. Let Λ be an Artin algebra. Then there exist up to isomorphism only
countably many almost split sequences with inequality in modΛ.
Proof. We have seen that if δ : 0 → A→ B → C → 0 is an almost split sequence with
inequality, then A|(Ω−pdB(Λ/ r)). For each value of pdB , there are only finitely many
candidates for A. Therefore we can only have countably many almost split sequences with
inequality. ✷
There is a connection with the finitistic dimension conjecture. The (little) (left) finitistic
dimension of an algebra is defined as fin.dim(Λ)= sup{pdM |M in modΛ, pdM <∞}.
The finitistic dimension conjecture says the following:
Conjecture 6.2 (Finitistic dimension conjecture). For all Artin algebras Λ we have
fin.dim(Λ) <∞.
Proposition 6.3. If fin.dim(Λ) <∞, then there exist up to isomorphism only finitely many
almost split sequences with inequality in modΛ.
Proof. Suppose fin.dim(Λ) <∞. If δ : 0 →A→B →C→ 0 is an almost split sequence
with inequality, then pdB = m <∞. We know from Proposition 3.4 and the comment
following it that A|Ω−m(Λ/ r). But m is bounded by fin.dim(Λ), and as a consequence
there are only finitely many candidates for the first term A in an almost split sequence with
inequality. Therefore there are only finitely many almost split sequences with inequality,
and the proposition is proved. ✷
For some classes of algebras we know that the finitistic dimension is finite (see for
example [3]).
Corollary 6.4. If Λ is in one of the following classes of algebras, it has only finitely many
almost split sequences with inequality:
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(b) Λ is an algebra with r3 = 0.
(c) Λ is an algebra where only finitely many isoclasses of Λ-modules occur as cosyzygies
of simple modules.
(d) Λ is an algebra where P(Λ)= {X | pdX <∞} is contravariantly finite.
We shall need the following result in our further discussion.
Proposition 6.5. Let Λ be an Artin algebra and let 0 → A→ B → C → 0 be an almost
split sequence with inequality.
(a) If 0 →A→M →N → 0 is a non-split exact sequence, then pdN  pdC.
(b) If 0 → Y →Z→C→ 0 is a non-split exact sequence, then pdY  pdA.
Proof. Let δ : 0 → A → B → C → 0 be an almost split sequence with inequality. We
know that A|Ω−n(Λ/ r) for all n with pdB  n < pdC.
Suppose 0 →A→M → N → 0 is a non-split exact sequence. Then Extn+1Λ (N,Λ/ r)
	 Ext1Λ(N,A 
 X) = 0 for some X, so pdN  n + 1. Since this is true for all n with
pdB  n < pdC, we must have pdN  pdC.
Suppose 0 → Y → Z f→ C → 0 is a non-split exact sequence. As part of a long-exact
sequence we get the exact sequence
· · ·→ ExtnΛ(Y,Λ/ r)→ Extn+1Λ (C,Λ/ r)
f ∗→ Extn+1Λ (Z,Λ/ r)→ ·· · .
We have
Extn+1Λ (C,Λ/ r)	 Ext1Λ
(
C,Ω−n(Λ/ r)
)	DHomΛ(A
X,A)
and similarly
Extn+1Λ (Z,Λ/ r)	DHomΛ(A
X,DTrZ).
These isomorphisms are functorial, so there is a morphism f˜ such that the following
diagram commutes:
Extn+1Λ (C,Λ/ r)
f ∗

Extn+1Λ (Z,Λ/ r)

DHomΛ(A
X,A)
f˜
DHom(A
X,DTrZ)
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X,DTrZ)→ HomΛ(A
X,A).
This map is composition with DTrf :DTrZ→DTrC =A. Since A is not injective, the
map
(
1A
0
)
∈ HomΛ(A
X,A)
does not factor through DTrf , so f¯ is not an epimorphism. By duality f˜ is not mono, and
therefore neither is f ∗. This means that ExtnΛ(Y,Λ/ r) = 0 and therefore pdY  n. Since
this is true for all n with pdB  n < pdC, we must have pdY  pdA. ✷
We have seen that the finitistic dimension conjecture implies that there are only finitely
many almost split sequences with inequality. Also the next proposition suggests that there
are not too many inequalities.
Proposition 6.6. Let Λ be an Artin algebra and let
η : 0 →A→B →C→ 0,
η′ : 0 →A′ → B ′ →C′ → 0
be two almost split sequences with inequality. If η and η′ are not isomorphic, then
Hom(A,A′)= Hom(A′,A)= 0.
Suppose pdA is finite and pdA pdA′. Then ExtiΛ(A,A′)= 0 for all i > 0.
Proof. Suppose Hom(A′,A)	DExt1Λ(C,A′) = 0. Then by the previous proposition we
must have pdC′  pdC and pdA pdA′. The only way this is possible is if pdA= pdA′.
If this projective dimension is finite, then A′ is a summand in Ω−pdA(Λ/ r). We get a
contradiction to Theorem 4.3(c) since in that theorem we could always choose n = pdA.
If pdA = pdA′ = ∞, then A′ is a summand in Ω−m(Λ/ r) for all m pdB ′. Therefore
we can not find a suitable m such that condition (c) in Theorem 4.1 holds.
Suppose pdA < ∞ and pdA  pdA′. We know that A′|Ω−m(Λ/ r) for all m such
that pdB ′ m< pdC′. Let n= max{pdA,pdB ′}< pdC′. Then ExtiΛ(A,Ω−n(Λ/ r))	
Exti+nΛ (A,Λ/ r)= 0 for all i > 0. Since A′|Ω−m(Λ/ r), we also have ExtiΛ(A,A′)= 0 for
all i > 0. ✷
We have a connection with exceptional sequences of modules over hereditary algebras.
Let X be the set of isomorphism classes of finitely generated modules A which are the
first term of almost split sequences with finite inequality. For each n the set Xn = {A ∈X |
pdA= n} is finite, and we order eachXn in some arbitrary way. We put a linear order onX
by saying that A<A′ if pdA< pdA′, and if pdA= pdA′ = n we use the order of Xn. As
a consequence of Proposition 6.6 we get a sequence X = (A1,A2, . . . ,An, . . .) of modules
such that if i < j then HomΛ(Ai,Aj )= HomΛ(Aj ,Ai)= 0 and ExttΛ(Ai,Aj )= 0 for all
t > 0. We also have that EndAi is a division ring for all i > 0. This is similar to orthogonal
exceptional sequences for hereditary algebras. In fact, since the Ai are non-injective, X is
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closed field.
The almost split sequences with inequality for hereditary algebras are not very
interesting (we have seen that they are just the almost split sequences starting with a
simple projective module), but the main point is the following: It is known that the
length of exceptional sequences for a hereditary algebra H is bounded by the rank of
the Grothendieck group of H , so it is natural to ask whether the number of elements in
X must be finite also in the non-hereditary case. We do not have any examples of Artin
algebras Λ where the number of almost split sequences with inequality exceeds the rank
of the Grothendieck group of Λ.
The set of modules A which are the first term of almost split sequences with infinite
inequality can not be linearly ordered in the same way, as seen from the following example:
Example 6.7. Let Λ be the path algebra which has a quiver consisting of a single oriented
cycle with n 2 vertices, and where the relations are given by r2 = 0. The indecomposable
modules in modΛ are the simple modules Si and their projective covers Pi , where
1 i  n. Then pdSi =∞ for all simple modules Si , and we have almost split sequences
with inequality 0 → Si → Pi−1 → Si−1 → 0 where we calculate indices modulo n. We
have extensions between the simple modules according to the arrows in the quiver, but this
order is cyclic and not linear.
Let Λ be an Artin algebra. A cycle in modΛ is a sequence
M →M1 →M2 →·· ·→Mt−1 →M
of indecomposable modules and nonzero non-isomorphisms. Λ is called representation
directed if there are no cycles in modΛ.
For representation directed algebras, which necessarily have finite global dimension, we
have the following lower bound on the number of inequalities.
Proposition 6.8. Let Λ be a representation directed algebra. Then the number of
inequalities is at least gldimΛ.
Proof. For each n < gldimΛ we make the graph Gn which has vertices the isoclasses of
indecomposable direct summands of Ω−n(Λ/ r). If M and N are two different vertices in
Gn, we put an arrow from M to N if and only if HomΛ(M,N) = 0 or Ext1Λ(N,M) = 0.
Since Λ is representation directed there are no oriented cycles in Gn. If M is injective
there are no arrows starting in M . Let A be a source in Gn which is not injective. Such
a source exists since there are summands in Ω−n(Λ/ r) which are not injective. Let X be
the sum of the summands in Ω−n(Λ/ r) not isomorphic to A. Since A is a source, we have
Hom(X,A) = 0 and Ext1Λ(A,X) = 0. Since Λ is representation directed, we have that
End(A) is a division ring and Ext1Λ(A,A) = 0. Since the conditions of Proposition 4.3
are fulfilled, we must have that A is the first term in an almost split sequence with
inequality and that pdA = n. We get one such sequence with inequality for each n with
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of the first term is different in each case. ✷
7. More results for almost split sequences
In this section we look at some consequences of an almost split sequence having
inequality.
Knowing that an almost split sequence has inequality tells something about the
projective dimensions of related modules (compare with Proposition 6.5).
Proposition 7.1. Let Λ be an Artin algebra. Suppose η : 0 → A f→ B → C → 0 is an
almost split sequence of Λ-modules with finite inequality. Let n = pdA < ∞. Let B ′
be a summand in B , and let B ′′ denote the complement. Let h :A→ B ′ be the induced
irreducible map which is known to be either a monomorphism or an epimorphism.
(a) If h is an epimorphism, let X = kerh. Then pdX = n and (Ωn+1C)|(ΩnX)|(ΩnA).
(b) If h is a monomorphism, let Y = cokerh. Then pdY = n+ 1 and (Ωn+1C)|(Ωn+1Y )|
(ΩnA).
Proof. (a) Suppose h is an epimorphism and let X = kerh. Then we have an exact
sequence 0 →X→B ′′ → C→ 0. Since pdB ′′ < pdC, this is a sequence with inequality.
So pdX = pdC − 1 = n and Ωn+1C|ΩnX.
Consider the following commutative diagram:
0 ΩA
g
P(A) A
h
0
0 ΩB ′ 
 P P(A) B ′ 0
where P is some projective module. From the Snake Lemma we get that cokerg 	
kerh=X. Therefore we have an exact sequence 0 →ΩA→ΩB 
 P →X→ 0. This is
a sequence with inequality, so ΩnX|ΩnA by the observation following Lemma 1.2.
(b) Suppose h is a monomorphism and let Y = cokerh. Then we have an exact sequence
0 → B ′′ → C → Y → 0. Since pdB < pdC, we have pdC = pdY = n + 1. Therefore
0 → A→ B ′ → Y → 0 is a sequence with inequality and Ωn+1Y |ΩnA. There exists a
projective module P ′ such that the sequence 0 →Ωn+1B ′′ →Ωn+1C →Ωn+1Y → 0 is
exact. Since pdB ′′  n, we have Ωn+1B ′′ = 0 and (Ωn+1C)|(Ωn+1Y ). ✷
We can also say something about the injective dimension of the first term in an almost
split sequence with inequality.
Proposition 7.2. Suppose gldimΛ <∞. If η : 0 → A→ B → C → 0 is an almost split
sequence with inequality, then pdA+ idA gldimΛ.
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Then we have
Extn+rΛ (M,Λ/ r)	 ExtrΛ
(
M,Ω−n(Λ/ r)
)
.
We know that A is a summand in Ω−n(Λ/ r), and therefore this Ext-group is nonzero. So
pdA+ idA= n+ r  pdM  gldimΛ. ✷
Suppose A is the first term in an almost split sequence with inequality. We have that
A must occur as a summand in various modules (see also Proposition 7.1), which gives
strong requirements on the module A.
Proposition 7.3. Let Λ be an Artin algebra. Suppose η : 0 → A → B → C → 0 is an
almost split sequence of Λ-modules with finite inequality. Let n= pdA<∞.
(a) Let P be a summand in Ωn+1C. Then A|Ω−nP and P |ΩnA, and in particular
A|Ω−nΩnA and P |ΩnΩ−nP .
(b) Let S be a summand in Ωn+1C/ rΩn+1C. Then A|Ω−nS and S|ΩnA/ rΩnA, and in
particular A|(Ω−n(ΩnA/ rΩnA)) and S|(ΩnΩ−nS/ rΩnΩ−nS).
Proof. (a) Since Extn+1Λ (B,M)= 0, we have isomorphisms η∗(Ω−nM)	 Extn+1Λ (C,M)
for all Λ-modules M . If P is a summand in Ωn+1C, then Extn+1Λ (C,P ) = 0 and therefore
A|Ω−nP . We also have Ωn+1C|ΩnA, so P |ΩnA.
(b) If S is a summand in Ωn+1C/ rΩn+1C, then Extn+1Λ (C,S) = 0 and there-
fore A|Ω−nS. Since Ωn+1C|ΩnA, we have (Ωn+1C/ rΩn+1C)|(ΩnA/ rΩnA) so
S|(ΩnA/ rΩnA). ✷
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